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Abstract

By means of the ultimate-density theory, the dynamic cavity-expansion theory and the stress-wave theory, the dy-

namic responses especially the deceleration curves of a projectile perforating multi-plates concrete targets are analyzed

and calculated, the principles of scabbing on the rear surface of target plate are analyzed and illustrated. To verify the

theoretical model, the deceleration tests are conducted for perforation of a projectile against multi-plates concrete

targets by use of on-board recording system. Model predictions show good agreement with measurements from the

tests.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

A multi-plates concrete target is composed of two or more parallel unreinforced concrete plates which

have space intervals. Thus target can model the shelters, building structures, et al. To predict dynamic

characteristic of a projectile impacting, penetrating, perforating and damaging a concrete target, the fol-

lowing three methods were proposed, improved and developed during the past 100 years (Backman and

Goldsmith, 1978). They were empirical approach, analytical approach and numerical approach. In

empirical approach (Bangush, 1993; Heuze, 1989), a series of empirical equations were given based on a lot
of experiments and tests. But only some depth of penetration was obtained from the equations. They could

not give us some dynamic characteristic curves versus time. In analytical approach, the cavity-expansion

theory was developed and was considered as an effective method. But it could only deal with some

cylindrical cavity or spherical cavity. It also neglected the time history effect of penetration. Numerical

approach is widely used with the developments of modern computer techniques and finite element methods.

But for concrete material penetrated by a projectile, the key techniques at present are not the computation

techniques but the constitutive modeling techniques of damage.
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Because the time history curves of deceleration of a projectile play an important role in the designing of

the projectile in particularly the fuze, we focus the study mainly on the curves of deceleration versus time.

For semi-infinite target, the penetrating projectile should stop in a definite depth whether its initial

velocity is high or low. For a finite-thickness (slab) target especially for a thin target plate, if the striking
velocity of projectile is high enough, in addition to penetration, perforation phenomenon will occur.

Corresponding scabbing on the rear surface of target plate will be caused, which will reduce the real

effective perforating thickness of the target plates.

In this paper, in terms of some phenomenon of experiments and tests, focusing on the time history

process of penetration, firstly, a series of assumptions are presented and argued. Based on the theory of

ultimate-density (Gao et al., 1994, 1995), the theory of cavity-expansion (Forrestal et al., 1996; Forrestal

and Luk, 1998; Richard and Thomas, 2000; Young, 1998; Corbett et al., 1996), and the theory of shock

wave, secondly, the analytical penetration equations are established which are derived from the mass
conservation, momentum conservation and energy conservation. Finally, the dynamic responses especially

the deceleration curves of a projectile are analyzed and calculated by means of computation and tests when

it perforates a multi-plates concrete target.
2. Illustration of penetration and assumptions

The penetrating process of a projectile against concrete target is shown in Fig. 1 in which the coordinate
OXYZ describing the target and the coordinate cr�bz� describing the projectile are given. The fractional

space body (which is fan-shaped) ABCD � A0B0C0D0 of target is shown in Fig. 2. The face ABCD is the same

as the face of projectile, and the face A0B0C0D0 is the front of responding region.

The following assumptions are given and argued.

(1) The medium of concrete can be considered as ideal fluid for high-velocity impact, where the shear

modulus is 0, which can satisfy the needs of engineering analysis for the case of high-velocity and

high-pressure.
Fig. 1. The penetrating procedure of a projectile against concrete target.



Fig. 2. The fractional space body ABCD� A0B0C0D0 of target.

Fig. 3. The constitutive relation.
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(2) To be compared with the compressive strength, the tensile strength is very little. For high-velocity and

high-pressure impacting, the tensile strength can be neglected.

(3) During the impact or penetration, the elastic ultimate stress of concrete can be neglected while the wave
velocity of elastic stress is very high.

(4) There is an ultimate density for concrete during the impact pressing, to which the density of concrete

medium can not be increased again for further compressing, the constitutive relation can be seen

from Fig. 3. A series of experiments had proved that the ultimate density had almost no changes for

the higher pressure.

(5) During the compressing until ultimate density, the concrete medium subjects to ideal plastic deforma-

tion. There is no change of stress. In this process, the air voids are gradually compressed out of the con-

crete. The wave velocity of stress is 0.
(6) The region of medium response will expand in the external normal direction of the projectile surface.

(7) In the compressed region, the density and the volume of the concrete material have not any more

changes. Therefore, the stress wave is constant-volume wave.

(8) The thermal conduction can be neglected during impacting.

(9) The projectile is non-deformable.
3. The dynamic penetration equations of the projectile

To derive the penetration equations, the mass conservation, the momentum conservation and energy
conservation will be used during penetration.
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3.1. The mass conservation

Considering that the total masses of responding medium of target in Fig. 2 are conservative, leads to
Z lþdn

0

q�ðRþ xÞðr þ x sinuÞdbdudxþ
Z dl

0

q0ðRþ lþ xþ dnÞ½r þ ðlþ dnþ xÞ sinu�dbdudx

¼
Z lþdlþdn

dn
q�ðRþ xÞðr þ x sinuÞdbdudx ð1Þ
whose form can also be written as
q�
Z lþdlþdn

dn
ðR

�
þ xÞðr þ x sinuÞdbdudx�

Z lþdn

0

ðRþ xÞðr þ x sinuÞdbdudx
�

¼ q0

Z dl

0

ðRþ lþ xþ dnÞ½r þ ðlþ dnþ xÞ sinu�dbdudx
The other form is
q�
Z dl

0

ðR
�

þ lþ dnþ xÞ½r þ ðlþ dnþ xÞ sinu�dbdudx�
Z dn

0

ðRþ xÞðr þ x sinuÞdbdudx
�

¼ q0

Z dl

0

ðRþ lþ dnþ xÞ½r þ ðlþ dnþ xÞ sinu�dbdudx
By integrating the equation above, we get
q� ðR½ þ lÞðr þ l sinuÞdldbdu� Rrdndbdu� ¼ q0ðRþ lÞðr þ l sinuÞdldbdu ð2Þ

which leads to:
dl ¼ q�

q� � q0

� 1

1þ l
R

� �
1þ l sinu

r

� � dn ð3Þ
We define a coefficient k1ðlÞ as k1ðlÞ ¼ ð1þ l
RÞð1þ

l sinu
r Þ.

Noting that cn ¼ dl=dt, vn ¼ dn=dt, Eq. (3) can be written as
cn ¼
q�

q� � q0

� 1

k1ðlÞ
vn ð4Þ
where cn is the wave velocity of responding medium, vn is the particle velocity of the medium.

In this paper, the responding medium wave can be also called expansive wave. At the front of the
expansive wave, from mass conservation we can obtain
q0cn ¼ q�ðcn � vlnÞ ð5Þ

where vln is the particle velocity at the front of responding medium wave.

Eq. (5) can be also written as
cn ¼
q�

q� � q0

� vln ð6Þ
Comparing Eq. (4) with Eq. (6), leads to
vln ¼
vn

k1ðlÞ
ð7Þ
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It is known from Eq. (3) that, for plane wave, k1ðlÞ � 1, the particle velocity is constant in the responding

region; but for curve surface wave, k1ðlÞ > 1, the particle velocity is non-constant but varies in normal

direction in the responding region. The distributing characteristic relation can be described as:
vxn ¼
vn

k1ðxÞ
ð06 x6 lÞ ð8Þ
3.2. The momentum conservation

At the shock front, considering the momentum conservation, on the inner surface, there is
dF l
n ¼ q0cnv

l
n � ds0 ð9Þ
where dF l
n is the fractional force acting on the inner fractional front surface of expansive wave, ds0 is the

fractional area on the front of expansive wave.

It can be also written as
rl
n ¼

dF l
n

ds0
¼ q0cnv

l
n ð10Þ
Considering the momentum conservation of the fractional fan column ABCD� A0B0C0D0, the impulse of the

external force dFn in the time dt should be equal to the momentum change of ABCD� A0B0C0D0. The ori-

ginal momentum of the fractional fan column ABCD� A0B0C0D0 is
dM ¼
Z lþdn

0

q�ðRþ xÞðr þ x sinuÞvxn dxdbdu
From Eq. (3) and omitting the higher order quantity, we get
dM ¼ q�lvnRrdbdu ð11Þ

The momentum in the time interval dt is
dMdt ¼
Z lþdn

0

q�ðRþ xÞðr þ x sinuÞvxn dt dxdbdu

þ
Z dl

0

q0ðRþ xþ lþ dnÞ½r þ ðxþ lþ dnÞ sinu�vln dxdbdu

¼ q� � l � vn dtRrdbduþ q0 � vn � dl � Rrdbdu ð12Þ
By use of the momentum conservation, that is, the monument change (dMdt � dM) equals to the impulse

dFn dt in the time dt, leads to
dFn dt ¼ dMdt � dM ¼ ðq�ldvn þ q0vn dlÞRrdbdu

Furthermore, there is
dFn ¼ q�l � dvn
dt

�
þ q0vncn

�
ds ð13Þ
where ds ¼ Rr � dbdu is the fractional area of the interface on the projectile surface whose relationship with
ds0 is ds0 ¼ k1ðlÞds.

From Eq. (13), we get
rn ¼
dFn
ds

¼ q0cnvn þ q�l � dvn
dt

ð14Þ
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3.3. The energy conservation

We suppose that, the internal energy per unit mass is e, the fractional kinetic energy is dK and the

fractional internal energy is dE. By means of the energy conservation relationship during penetration, there
is
dFn dn ¼ dK þ dE ð15Þ

where
dK ¼
Z lþdn

0

1

2
q�k1ðxÞ½ðvxn dtÞ

2 � ðvxnÞ
2�dxRrdbduþ

Z dl

0

1

2
q0k1ðlþ xÞðvxnÞ

2
dxRrdbdu

¼ q�vn dvnlRrdbduþ 1

2
q0k1ðlÞvln � vln dl � Rr � dbdu ¼ q�lvn dvn dsþ

1

2
q0vnv

l
n dlds ð16Þ

dE ¼ e � q0 � dl � k1ðlÞds ð17Þ

That is
dFn dn ¼ q�lvn dvn dsþ 1
2
q0vnv

l
n dldsþ e � q0 � dl � k1ðlÞds ð18Þ
Noting that dn ¼ vn dt, rn ¼ dFn=ds, dl ¼ cn dt, leads to
rn ¼ q�l � dvn
dt

þ 1

2
q0cnv

l
n þ e � q0 �

cn
vln

ð19Þ
By means of Eq. (14), we can obtain
q�l � dvn
dt

þ 1

2
q0cnv

l
n þ e � q0

cn
vln

¼ q�l � dvn
dt

þ q0cnvn ð20Þ
Furthermore, the internal energy per unit mass can be written by
e ¼ vln vn

�
� 1

2
vln

�
¼ k1ðlÞ
�

� 1

2

�
ðvlnÞ

2 ð21Þ
3.4. The penetration equations

Using the force applied on the nose of projectile derived above, considering the compressive strength rc

and friction coefficient lf , for rigid projectile, by Newton’s second law, in the direction of axis and in the

direction of a-rotation, there are
m€n ¼ �
R R

sA
ðdFn þ rc dsÞ � cos/þ ðdFn þ rc dsÞ � lf � sin/

Jp€a ¼
R R

sA
ðdFn þ rc dsÞðz� sin/� r� cos/Þ � lfðdFn þ rc dsÞðz� cos/þ r� sin/Þ½ � cos bds

(
ð22Þ
Substituting Eq. (13) into Eq. (22), leads to
ðmp þ mfÞ€n ¼ �
RR

sA
q�q0
q��q0

� v2n
k1ðlÞ

þ rc

h i
ðcosuþ lf sinuÞds

Jp€a ¼
RR

sA

q�q0
q��q0

� v2n
k1ðlÞ

þ rc

h i
þ q�l€n cosu

n o
� ½ðz� sinu� r� cosuÞ

�lfðz� cosuþ r� sinuÞ� cos bds

8>>>><
>>>>:

ð23Þ
where mp is the mass of projectile, and mf ¼
RR

sA
q�lðcosuþ lf sinuÞ cosuds is adjunctive mass, rc is static

compressive strength, Jp is the moment of inertia of the projectile relative to axes r�, lf is dynamic friction
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coefficient, the others parameters are shown in Fig. 1. The variable €n is tangent acceleration of the centroid

trajectory of the projectile and its direction is identical with the projectile axes z�, _a is angular velocity of the
projectile relative to axes r�.

The relationship between the normal velocity vn and axial velocity vn and angular velocity _a is
vn ¼ vn cosuþ _aðz� sinu� r� cosuÞ cos b ð24Þ
4. The characteristic equation of scabbing

4.1. Wave propagation during penetration

According to the analysis and assumption mentioned above, the fastest wave is elastic wave during

penetration, then is compressed responding medium wave (or expansive wave) and finally is constant-

volume wave in compressed medium. The elastic wave velocity is ce ¼
ffiffiffiffiffiffiffiffiffiffi
E=q0

p
. The velocity of expansive

wave cn is given by Eq. (4). The velocity of constant-volume wave in compressed medium is

cv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E=½2ð1þ lÞq��

p
. All of their propagation characteristic curves are shown in Fig. 4.

The velocity of compressed responding medium wave cn is not constant. Its characteristic relation is not
linear but non-linear. Its value depends on instantaneous velocity vn and expanding displacement l. Inte-
grating Eq. (4), we get
k2ðlÞl ¼
q�

q� � q0

Z t

0

vn dt ð25Þ
where k2ðlÞ ¼ 1þ 1
2

1
R þ

sinu
r

� �
lþ l2 sinu

3Rr .

This equation is the characteristic curves shown in Fig. 4. Fig. 4 shows also the state of stress wave

related to the time t1 and t2.

4.2. The stress criterion of scabbing

In this paper, we consider that, the scabbing is caused by the reflection of attenuation wave on the free
surface. After reflection of stress wave on free surface, the original compress wave will change to tensile

wave. When the tensile stress wave meets with the compressed stress wave, their values will be added. When

the resultant stress is greater than the tensile strength of the material, once crack will be caused. We suppose

that the tensile stress of concrete is rs, there is
Fig. 4. Wave propagation during penetration.
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r� � rP rs ð26Þ

where r� is the front peak value of the attenuation stress wave, r is the compressing stress where crack is

caused.

4.3. The dimension criterion of scabbing

4.3.1. The total scabbing

Eq. (26) is the stress criterion of scabbing for each time. As mentioned above, the total scabbing is

composed of the scabbing from all the times. The accumulative dimension criterion should be
sþ l ¼ 2H ð27Þ

where s is the penetration depth of the projectile, l is the propagation displacement of stress wave at the

same time, H is the thickness of target. They are all shown in Fig. 5. By means of Eq. (25), we can obtain the

displacement of the stress wave in the time of t. The penetration depth s can be described as
s ¼
Z t

0

vn

����
u¼0

dt ð28Þ
That is
k2ðlÞlju¼0 ¼
q�

q� � q0

s ð29Þ
Substituting Eq. (29) into Eq. (27), leads to
k2ðlÞlju¼0

q� � q0

q� þ l ¼ 2H ð30Þ
The scabbing thickness h shown in Fig. 5 is
h ¼ l� H ð31Þ

Substituting Eq. (30) into Eq. (31), leads to
h ¼ l
2

1

�
� k2ðlÞju¼0

q� � q0

q�

�
ð32Þ
Fig. 5. The stress-wave echo and scabbing.
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4.3.2. Scabbing for each time

The approximate analysis of the stress criterion of scabbing for each time is as follows.

From the point of view of analytical approach, by means of Eq. (10) and in axial direction (u ¼ 0),

taking v as the function of the instant penetration depth x, we can obtain
rðxÞ ¼ rð0Þ
v2ð0Þ v

2ðxÞ ð33Þ
If we set rmax ¼ rð0Þ, and v2ð0Þ ¼ v20, from Eq. (10), we get
rmax ¼ rð0Þ ¼ q0q
�

q� � q0

v20 ð34Þ
Thus, Eq. (26) can be written as:
rð0Þ � rð2hÞP rs ð35Þ
That is
q0q
�

q� � q0

ðv20 � v2ð2hÞÞP rs ð36Þ
Solving it, we get
hP hðv0; rsÞ ð37Þ
Substantially, the total thickness of scabbing
P

h cut down the effective thickness of the target to be subject
to penetration.
5. The impacting experiments and calculations for multi-plates targets

Just as the former statement, the projectile will perforate the target if the velocity is enough high for a

finite-thickness target. Simultaneously, the projectile will perforate a multi-plates target when it has enough

high velocity and energy. To study effectively, in addition to theoretic analysis, a series of tests on the

perforating of a projectile against a multi-plates target was conducted.

5.1. The test scheme and design

In order to record the striking load effectively, in the tests, we choose the on-board storage system and

the accelerator which can record high G striking load. Accelerator is piezoelectricity film sensor which can

be subjected to a high load. The storage system is RAM. Fig. 6 shows the measurement system diagram.
The working principle of this system is as follows. Before the experiment, turn on the power. The

measuring system will begin circularly sampling according to the initialized cycle. Before the projectile

contacting with the target, the system will keep in a state of circularly sampling because the striking
Fig. 6. Measurement system diagram.
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acceleration and its voltage are lower than the preset one. When the projectile contacting with the target,

the system will stop circularly sampling and reach to the final state of recording and storing, because the

striking acceleration increasing suddenly. The data in storage are read and dealt with by computer in an

effective time. We can also reappear measuring information.
5.2. The numerical calculation

Eq. (23) is non-linear differential equation that has no simple analytical resolution. The control differ-
ential equation will be resolved iteratively through the central deference method. The essential central

deference equations are
d2x
dt2

����
xiþ1

¼ xiþ2 � 2xiþ1 þ xi
ðDtÞ2

dx
dt

����
xiþ1

¼ xiþ2 � xiþ1

Dt

8>>><
>>>:

ð38Þ
The curve surface integral stated in Eq. (23) will be made by Gauss’s six points integral method.
6. The results from calculations and tests and their comparison

By means of the method given above, the tests and calculations are made on the deceleration charac-

teristics of parabola-nose projectile perpendicularly penetrating into multi-plates concrete targets. The

geometric equation of parabola nose of projectile is
z� ¼ 0:11 1

 
� r�

2

0:0252

!
þ 0:065 ðr� 6 0:025Þ
The density of concrete is q ¼ 2400 kg/m3; the ultimate density is q� ¼ 2640 kg/m3, the compressive

strength rc ¼ 3:0� 107 N/m2; the mass of the projectile mp ¼ 7:63 kg; the moment of inertia Jp ¼ 0:162
kg/m2; the friction coefficient lf ¼ 0:1; the thickness of single target plate is 0.3 m.

Two tests for different original striking velocities and different amounts of concrete plats are conducted.

In the first test, the multi-plates target consists of two concrete plates between which the distance is 1 m, and

the original striking velocity of the projectile is 532 m/s. In the second test, the target includes three concrete

plates whose interval distance are also 1 m, and the original striking velocity of the projectile is 580 m/s.

Fig. 7 shows the perforation and the scabbing in a perforated concrete target plates. Fig. 8 shows the
perforated concrete target plates in the second test.

The deceleration curves of the projectile from measurement in the first test and corresponding analytical

calculation are shown in Fig. 9. The deceleration curves of the projectile from measurement in the second

test and corresponding analytical calculation are given in Fig. 10. From the curves in Fig. 9, it can be seen

that, at the time of 0.45 ms, the target has been perforated and has lost resistance. The corresponding

penetration depth (which can be also called effective thickness of concrete plate) at this moment is only

0.18 m, but not the original thickness 0.3 m. The reason is from the scabbing. Such a phenomenon can been

also seen from the curves in Fig. 10 for the second test. From the results of tests and calculations com-
parison for both tests, it is known that, the results from analytical analyses are in good agreement with

those from tests.



Fig. 7. The perforation and scabbing of a perforated concrete target plate.

Fig. 8. The perforated concrete plates in the second group test.

Fig. 9. The measurement and calculation deceleration curves of a projectile in the first test.
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Fig. 10. The measurement and calculation deceleration curves of a projectile in the second test.
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7. Conclusion

We developed an analysis model that predicted deceleration of a rigid projectile penetrating multi-plate

concrete targets. Based on the theory of propagation and reflection of stress waves, we presented an

analytical method to calculate scabbing on the rear of target plate. The results were in good agreement with

those data from filed tests and verified the methods and models presented in the paper.
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